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Abstract: Let n : Z ^ X he Galois cover of smooth projective curves 
^ i' with Galois group W a Weyl group of a simple Lie group G. For a dominant 

. weight A, we consider the intermediate curve Y\ — Z/Stab(A). One can realise 

a Prym variety P\ C iac{Y\) and we denote Lp\ the restriction of the principal 
polarisation of Jac(Y\) upon Px. For two dominant weights A and /i, we construct 
a correspondence IS.\^ on Y\ x and calculate the pull-back of ip^ by A^^ in terms 
of V?A- 

Resume: Soit it : Z ^ X mi revetement Galoisien de courbes projectives 
lisses de groupes de Galois W un groupe de Weyl d'une groupe de Lie G. Pour un 
■ poids dominant A, on considere la courbe intermediare Y\ = Z/Stab(A). On realise 

, la variete de Prym P\ C Jac(y\) ct on note ipx la restriction de la polarisation 

principale du 3ac{Yx) a Px- Pour deux poids dominants A et fi, on construit une 
correspondance Aa^j sur le produit des courbes Yx x F^. On calcule le pull-back de 
iPij_ par Aa^ en termes de (fx- 

> 

m 

lO ■ 1. Introduction 

^ . Let G be a simple Lie group of type A, D, or E. Let us begin 

O I by recalling some constructions done in [Merindol] [3], [Kanev] [S] [1], 

[Lange-Pauly] ^ and [Lange-Recillas] fS]. We consider a Galois cover 
of smooth projective curves n : Z ^ X with Galois group the Weyl 
group W of G. To a dominant weight A of G, one can associate an 
^ I integral, symmetric correspondence 



O 



(N 



< 



0^ 
O 



KxCY xY, 

known as the Kanev correspondence on the curve Y = Z/Stab(A). This 
correspondence satisfies a relation with the Schur correspondence S\ 
defined using the Schur projector in the ring End(A Q)- We study 
the Prym subvariety of Jac(y) defined as 

Pa = MSx) C Jac(r). 

It can also be realised as im(_ft'A)|prym(r/x) and is isogenous to the 
Donagi-Prym variety Prym(7r, A)^. Recall that for two dominant weights 
A and fj, the Prym varieties P\ and are known to be isogenous - see 
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[Merindol] [3] - and in section 10.1 we construct an explicit correspon- 
dence A;^^ giving explicit isogenies 

Aa,^ : P\ —> P^] A^^a '■ Pfi ^ Px 
using the galois cover 




Actually the construction of the correspondence as well as other re- 
sults of this paper are all valid in a more general setting which we now 
describe. Recall a theorem of Springer [2] which says that any irre- 
ducible representation of a Weyl group W is induced from a rational 
irreducible representation. Let A C be some lattice invariant un- 
der the action of the Weyl group. Indeed the most important example 
is that of the Cartan subalgebra 1) of the Lie group corresponding to 
W^and of the weight lattice A C f). Let A G A be any element. Then in 
the situation of a Galois etale cover tt : Z ^ X, we can again consider 
for Stab(A) C an intemediate curve Y = Z/Stab(A) and for two 
such curves Yx and we show the construction of the correspondence. 
To use suggestive notation, we use A for the weight lattice and call A 
and /i as weights. 

We also show the equahties (Corrolary I5.16P 

A^,aAa,^ = [iV]p,; Aa,^A^,a = [N]p^, 

where [N] denotes the multiplication by the integer 

\W\\\,\,){fi,fi) 
|Stab(A)||Stab(/i)|(dim(V))2' 

In the context of abelianisation one takes V as [)-the Cartan sub- 
algebra. 

In section 3, we define the Prym varieties Py and Pa- We show 
in proposition 13.81 that the pull-back of the principal polarisation on 
Jac(Z) to rivexCVK) splits. In proposition 13.111 we show that the 
isotypical component Py is isogenous to a product of Prym varieties 
Pa and that the pull-back of the polarisation splits on the product 
nr=i -^Ai for any choice of an orthogonal basis Ai, ■ ■ ■ , A„ of V^. 
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In section 4 we define a rational correspondence Sx,ii on Yx x as 



|Stab(A)Stab(/i)| 
It can be described as follows 

where z & Z satisfying (pxi^) = yi and {gi, ■ ■ ■ , Qd} is a system of right 
coset representatives of Stab(/i) in W and W acts upon the curve Z 
by monodromy. 

Notice that if A2 = Ai, this correspondence ressembles the Schur 
correspondence Sx defined in [Lange-Pauly] [6J . In that paper, Sx is 
related to the Kanev correspondence [Kanev][5j by theorem 3.5 

S;=\H\\irx-A + {{X,X) + l)T). 

In [7j the authors Lange and Kanev remark that the generalisation 
of the Kanev correspondence denoted Aa^ for two weights A and fi over 
an arbitrary curve in immediate. It is integral. Then we relate the two 
correspondences in theorem 15.141 by the relation 



Aa,^ = ^A,;, + rT 

where T is the trace correspondence and for some r G Q. In perticular, 
Sx^fi and Aa,^ induce the same isogeny from Pa to P^. As the calcu- 
lations with Sx,^i employing Schur type relations are easier, we obtain 
the following formulae for the exponent of the isogeny 



A^,aAa,;. = K^^xKx,f, = N 

by the proposition 14.131 and the coroUay 15.161 The corollay 15.161 sim- 
plifies the proof of theorem 6.5 in [Kanev] [4j. 

Let (f^ denote the principal polarisation on Jac(F^). In section 6, 
We show in Corrolary 16.41 that the pull-back of ip^ by Aa,^ is equal to 
[A^](^A- Then in section 7, we calculate the integer [N] for all couples 
of fundamental weights for all Lie Algebras. In section 8, we use the 
correspondence Aa,;^ to give precise descriptions of some isogenics in 
the context of Abelianisation. More precisely, let H^{Z,T_)^ denote 
T— bundles on Z that are VT— invariant for the twisted action. Asso- 
ciated to a dominant weight A, we have an evaluation map cva with 
values in Jac(Z) that associates to T— bundles the line bundle obtained 
by weight A acting as character of T. The line bundles in the image 
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of evA can be endowed with a canonical Stab(A) linearisation and thus 
descend to the intermediate curve Yx- Consider the diagram, 




P„ 



Jac(Y'^ 



We prove in proposition 18.21 the equality 
Aa.^cva 



dim{V) \Hx\\H^\ 
Moreover, we construct an inverse isogeny 

6:Px^ H\Z,T)^ 
to the isogeny cva of 18.21 We obtain 

5evA = [M], 

where M is the exponent of the group P{G)/'Ij[W]X. 

I wish to thank my advisor Christian Pauly for his advices and help 
in the preperation of this paper and my thesis. 

2. Correspondences between algebraic curves 

Definition 2.1. A correspondence D between two algebraic curves Ci 
et 6*2 is a divisor D on the product Ci x C2. Two correspondences D 
et D' between Ci et C2 are equivalent if there exists divisors Di and 
D2 on Ci and C2 respectively such that 

D' = D + D1XC2 + C1X D2. 

To a correspondence D we denote by •jd '■ Jac(Ci) Jac(C2) the 
associated map and by 7^ the dual isogeny obtained by the Rosati 
involution. We denote by Corr{Ci,C2) the isomorphism classes of 
correspondences between Ci and C2. 

Theorem 2.2 (Theorem 11.5.1 Birkenhake-Lange [lO])- The map D 1-^ 

7£) induces an isomorphism Corr{Ci,C2) Hom(Jac(Ci), Jac(C2)). 

In the case, Ci = C2 = C, this theorem allows to translate the ring 
structure and the Rosati involution on End(Jac(C)) to Corr{C). We 
denote hyr: CxC—>-CxC the map which switches the two factors. 

Proposition 2.3. Let D be a correspondence on a curve C . We have 

lr*D = in- 

In perticular, if the correspondence D is symmetric, then the endo- 
morphism 7^) is symmetric with respect to the Rosati involution. 
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3. SCHUR PROJECTORS, ABELIAN SUBVARITIES OF JACOBIAN AND 

DECOMPOSITION 

Let W be an arbitrary finite group. We denote by C[W] the group 
algebra associated to the group W. We have a decomposition of alge- 
bras 

(1) C[W] = ©^e^(H^)End(K.) 

where is the complex irreducible representation corresponding to 
characters u et x(^) is the set of irreducible characters de W. 

Following [3] , we denote by (C) the condition upon a finite group W 
that all its irreducible representations are absolutely irreducible. Recall 
absolute irreducibility means that all the irreducible representations 
can be obtainted after extension of scalars from a rational irreducible 
representation. The Weyl group satisfies this condition according to a 
theorem of Springer [2]. We thus have, 

Proposition 3.1. Let V be an irreducible representation of a group 
W satisfying the condition (C) over a field of k of characteristic zero. 
We have a canonical isomorphims upto scalars of V with its dual V* . 
Equivalently we have a non- degenerate symmetric G— invariant bilinear 
form on V X V ^ k unique upto scalars. 

Proof. By the condition (C) we may assume that the field k is the 
rationals Q and that V is defined over Q. Now the character of V*, the 
dual of V, is xv where xv denotes the character of V. Since V is defined 
over Q, therefore the character takes values in Q and thus xv* = Xv = 
Xv- Thus V is isomorphic to V*. Since it is irreducible, thus upto 
scalars there is only one isomorphism by Schur's lemma. The existence 
of a bilinear form satisfying the said properties is standard. □ 

Remark 3.2. The Cartan-Subalgebra i) of a semi-simple simple group 
G is also an irreducible representation of the Weyl group W of G. In 
this paper, we shall often consider f) as being induced from a rational ir- 
reducible representation ofW. Moreover the bilinear form of the above 
proposition is the celebrated Cartan- Killing form. In perticular, for a 
Weyl groups any of its irreducible representation can be endowed with a 
symmetric non- degenerate W— invariant bilinear form and is isomor- 
phic to its dual representation. However, the bilinear form may not be 
positive or negative definate unlike the Cartan- Killing form. 

Let V be an irreducible representation of W defined over Q. 
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Definition 3.3. The Schur projector is the element 

Pv = J2^Tv{g)g G Q[W] 

where tiyig) denotes the trace endomorphism of V induced from mul- 
tiplication by g. 

The element pv satisfies the relation 

Therefore, pv = ^^^p-pv is an idempotent in C[iy]. The action of pv 
on a W^— module is that of projection upon the isotypical component 
ofV. 

Let {, ) : V X V ^ C he a VT— invariant bilinear form on V. It is 
unique upto scalars. 

For A G \ {0}, we denote 

= ^{Xg,X)g. 

g&W 

According to Lange-Recillas [9j the element Hx = -^^^^x is an idem- 
potent of C[Vr]. The action of Hx of V is that of projection on the line 
generated by A in l^. 

Let V admit (Ai, ■ ■ ■ , A^) as a basis. We get the formulae 

(2) pv = Hx, + --- + Hx,. 

Theorem 3.4. [10] Let {A, L) be a polarised abelian variety. There is a 
bijective correspondence between the sub abelian varieties of A and the 
idempotents in the ring End(y4) ®i Q that are symmetric with respect 
to the Rosati involution. The bisection is given by associating to an 
idempotent u, the subvariety \m{u) and to an abelian subvariety B we 
associate the composition of the maps 

Atl^A'^B^B'^A. 

where is denotes the inclusion of B in A and ipL\B = Q<Pl^ denotes the 
isogeny dual to (pL\B- 

We shall use the above theorem to define subvarieties of Jac(Z) when 
the curve Z admits an action by a group W satisfying the hypothesis 
(C). 

Let p : W ^ GL(V") be a rational representation , that is defined 
over Q. The Schur projector pv induces an element denoted pv in 
EndQ(Jac(2')) by the action of W on the curve Z. 
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Definition 3.5. We denote Py = ira{py) and P\ = im{Hx) the sub 
ahelian varieties of the Jacobian of Z . 

The decomposition of the group algebra C[W] ([1]) and that of the 
Schur projector ([2]) gives us the following theorem. 

Theorem 3.6 ([3j Thm 2.5). Let W be a finite group satisfying the 
condition (C). The abelian varieties Jac(Z) and IlyexCVF) ^'^^ isoge- 
nous. Moreover, (^/[3J Prop 4-5]) the abelian variety Py is isogenous to 
the product [Pa]"'™^^^- 

More generally, we have the isotypical decomposition of an abelian 
variety A unique upto permutation of factors (cf. [9j Proposition 1.1) 
and decomposition in terms of generalised Prym varities or Prym- 
Donagi varities (cf. [11] Formula 5.3). 

The group W acts on the curve Z on the right. Thus it can act on 
the Jac(Z) as {g,D) i— Dg where D denotes a divisor in Jac(Z). But 
we rather choose the action to be given by pull-back of line bundles on 
Z 

G X Jac(Z) ^ Jac(Z) 
{g,D) ^ Dg-^ 
Notice that pull-back will be an action on the right. 

Proposition 3.7. Let Z be a smooth projective curve. Let g G Aut(Z), 
and let us also denote by g the automorphism on Jac(Z) induced by g. 
Then g preserves the principal polarisation on Jac(Z). The following 
diagram commutes 

Jac(Z) ^ JZ^) 



Jac(Z) ^ Jac(Z) 

Proof. The image of the Abel-Jacobi map Sjm^^~^{Z) — >■ Pic^^~^(Z) 
is preserved by g. This image is the Riemann theta divisor which 
induces the principal polarisationon Jac(Z). Let O C Jac(Z) be a 
divisor representing the principal polarisation on Jac(Z). Then g*Q is 
the translate T*Q of for a certain a G Jac(Z). The isomorphism 

between Jac(Z) and Jac(Z) given by is 

: Jac(Z) ^ J^^) 

z ^ t;0-0. 

So let g G Aut(Z). Let us compute the composition 

Jac(Z) ^® J^^Z) ^ jI^Z) Jac(Z). 



Now g seen as an element of Aut(Jac(Z)) transforms the divisor T*Q — 
e into g*{T*Q - e). Now we have 

g*iT:e-e) = iT,gye-g*e = {gT,-i^,)re-g*Q = T;_,(,)/0-/e. 

By the equahty g*Q = T*Q, the expression becomes T*_i^^^T*Q -T*Q 
which is equal to T*_if^^^Q — 6 by the theorem of square. Thus, the 
diagram commutes. 

□ 

Proposition 3.8. Let Z be a curve admitting an action by a Weyl 
group W . Consider the decomposition 

Yl Py-^Jac(Z). 

where xi^) denotes the irreducible representations of W . The pull- 
back of the principal polarisation on Jac(Z) splits. 

Proof. For an irreducible representation V, the inclusion iy : Py 
Jac(Z) is the same as multiplication by xv = '^gew ^^(9)9 

thus 

For two irreducible representations U and V of W , let us compute the 
composition 

Jac(Z) 2^Py^ Jac(Z) ^ jl^) ^ Pu. 

Let pe Py. It is mapped to Q{p) = [T*e- 6] which goes to Xu[T*& - 
9]. Now xu = J2gew^''^i9)'9- linearity, this sum by th proposition 
13.71 is equal to 

KG -9], 

where x = '^g(zw^^u{g)P9~^- As irreducible representations of Weyl 
groups are self dual we have the equalities 



trf/lfi- ^) = tru*{9) = tr[/(fl') = tiuig), 

so X = xuip)- Now let p = Xviz). Thus x = XuXv{z), but XuXv = 
G C[W] as Xv and xu project on the isotypical component of V 
and U respectively. Thus the pull-back of the polarisation on Jac(Z) 
splits. □ 

Proposition 3.9. For any simple Lie algebra q, we can find weights Vi 
perpendicular to eachother with respec to the Cartan-Killing form and 
forming a basis for the Cartan-subalgebra f) over C. 



Proof. We can take for wi the first fundamental weight wi. For W2 we 
can take and so on. Then we clear the denominators 

and call these vectors Vi. □ 

Remark 3.10. An analogus statement can he made for any irreducible 
representation of the Weyl group. 

Proposition 3.11. Let Z be a curve admitting an action by a Weyl 
group W . Let V be an irreducible representation of V defined over 
Q and let {fi}j=i,... form an orthogonal basis of V. Consider the 
morphism from 

n -Jac(Z). 

The pull-back of the principal polarisation on Jac(Z) to the product of 
Prym varieties Py- splits. 

Proof. The inclusion of i^ : P^ & Jac(Z) is the same as Sy/q^ where 
denotes the exponent of S^. Thus we also have 

ty Sy f Qy. 

So let us compute the composition 

Jac(Z) — P^^ >^ Jac(Z) Jac(Z) -^^^ P^j. 

Let p e Py^. It is mapped to 9(p) = [T*Q-Q] which goes to S^^ [T*Q- 
6]. Now 5*^2 = J2g£w('^'^9''^'^)'9- Thus the sum becmes 

Y,iv29,v2)g[T;Q-Q]- 

By linearity and the theorem of square, this sum by the proposition 
13.71 is equal to 

[T;e-e], 

where x = J2g(^w('^'^9 ^ '^'^)P9^^ ■ Now by the symmetry of the Cartan- 
Killing form we have 

^ = ^i'V2g,v2)pg'^ = ^{v2,v2g'^)pg'^ = Sy^p. 
gew gew 

Let p = Sy-^{z). Then by lemma and the orthogonality of Vi and V2 
we get Sy^p = 0. Thus the composition of arrows is zero, that is the 
polarisation splits. □ 
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4. SCHUR CORRESPONDENCE FOR TWO DOMINANT WEIGHTS Ai ET 

A2 

We consider the following situation. Let tt : Z ^ X he a Galois cover 
of smooth projective curves with Galois group W. Let Ai and A2 be 
two dominant weights. We write Hi = Stab(Aj) in W and Fj = Z/Hi. 
Let 

p:W GLq(F) 

be an irreducible representation of on Q satisfying the condition 
(C) [cf. [3]] that all its irreducible representations are absolutely irre- 
ducible. Let (, ) be a bilinear symmetric negative definate form on V . 
In the following we consider right actions ofWonZ and V. Moreover, 
the action of the fundamental group vri(X) on the curve Z and Yi by 
monodromy is on the right. 

For i = 1, 2 we introduce the correspondences on Z 

S\. : Jac(Z) Jac(Z) 

gew 

We have S\- G End(Q(Jac(Z)). We denote Px- = im(5'Aj. According 
to [[9j], we have 

02 _ l^l(A.,A.) ^ 

We now turn to a useful technical lemma. 

Lemma 4.1 (Merindol, [3]). Let W be a group satisfying the hypothesis 
(C). Let V be an irreducible representation of W and denote by (, ) 
a symmetric non-degenerate W— invariant bilinear form on V unique 
upto scalars. Let F be a form 

F -.V xV xV 

satisfying 

F{aw, b, c, dw) = F{a, bw, cw, d) = F{a, b, c, d) 

for all a,b,c,d G V and h G W. Then there exists a constant q E Q 
such that we have for all (a, b, c, d) G V^, 

F{a, b, c, d) = q{a, d){c, d). 

Lemma 4.2. Let V be an irrducible representation of a group W satis- 
fying condition {C). Suppose that V admits a positive- definate bilinear 
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form (,). For Aj G V, where i = 1,..,4, define i?(Ai, A2, A3, A4) = 
S/igvf('^i^' '^2)(A3, A4/;,). We have the equality 

\W\ 

B{\i, A2, A3, A4) = ^^^lyy (-^1^ A4)(A2, A3). 

Proof. Notice that such sums satisfy the conditions of lemma I4.1[ So 
there exists a constant g G Q such that the above sum equals g(Ai, A4)(/a2, A3). 
To calculate the constant we may take an orthonormal basis /Ui, ■ ■ ■ , yU„ 
of V since the form is positive-definate. Expressing the bilinear form 
and the matrix m{h) of h & W in terms of the orthonormal basis, we 
obtain 

hew 

Summing over all couples of basis vectors, we get 

i,j hew hew 
We thus get the value of q. □ 

Lemma 4.3. We have the equality 

\W\{XuX2 



S\„S\, (z) 



(iimi V \- 

tew 



Proof. We have. 



gh 



Sx^Sx.iz) = Sx,,{Y{Xig,Xi)z^) = J^(A2/i, A2)(Ai^, Ai)z 
gew hew gew 

We put t = gh and expressing g = th~^, the sum becomes 

5^5^(A2/i, X2){X,t,Xih)z' 
tew hew 

which by [9j| Corollaire 3.3 (or the lemmas [4.11 and [4.21) is equal to 

^ ^ tew 

□ 

This formulae is not symmetric in Ai and A2. 

Let us recall the following geometric configuration 
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X 



Definition 4.4. Let A G Corr{Z x Z) be a correspondence over Z . 
Let Yi and Y2 he quotients of Z . Then A induces a correpondance A 
over Yi x I2 defined by 

A{y,) = MM^))- 

z€Z ,4>i{z)=yi 

In fact, A : Jac(yi) Jac(y2) is defined by the composition of maps 



Nm, 



A : Jac(Yi) — ^ Jac(Z) — > Jac(Z) — ? Jac(F2)- 

Proposition 4.5. Let zq E Z be a point in the fiber of (pi over ?/ G Yi. 
Fix a system of left representatives {gi}i=i,--- ,d of H2 in W. We have 
the equality 



Sx^ o Sx,{y) = ^.^^^p (^1^" ^2)02(2:0^^) 

Proof. We have 



i=l,--- ,a 



A{y)= YI MSxAi^)) 



By lemma 14.31 we get 

\W\ 



dim{V) 



2G<Ai (y) 



"-(v) sew 



and fixing zq E (pi (y), we get 



\W\ 



dim(\/)- 



;(A2,Ai) Y 5]](AlS, A2)02(2/ilS) 



hieHi sew 
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putting his = t and q = ^i^^^, we get 

= A2) Ehig/fi EtGiy(^i^r^^, X2)Mzot) 

= q{Xi,X2)\Hi\ T.i=i,-,di^i9uI^h2eH2^2h2^)Mzo9i) 
= qiXi, X2)\Hi\\H2\ Y.i=i,-,di.^i9iA2)<p2{,ZQgi). 

□ 

The above proposition motivates the following definition. 

Definition 4.6. We define the Schur correspondence S\^^\^ for two 
weights Xi and X2 on Yi x Y2 as 

,rrlrr X ^2) * (^Aa O J • 

|-ni||-n2| 

We fix a system of left coset representatives of H2 in W 

d 

W = l[H2g, 

i=l 

The Schur correspondence for two weights 5'ai,a2 can be described as 
Si^2 '■ Jac(Fi) Jac(F2) 

d 

Vi ^ J](Ai^i,Ai)02(^'') 

i=l 

where z & Z with 0i [z) = yi . Here the action of g on z is through 
monodromy. 

Remark 4.7. Since the correspondence 81^2 only differs from Sx^Sx^ 
by a constant, so it is independant of the choices of the point z in the 
fiber of 01 and the system of coset representatives of H2 in W made. 

Remark 4.8. For the definition of 82,1, one would have to fix a system 
of right representatives of Hi in W giving the decomposition W = 

d! 

^^^Hig[. The numbers d' and d of the definition \4-(^ need not be equal 

i=l 

in general for a couple of weights Xi and X2- 

Remark 4.9. This proposition generalises for two weights Ai and X2 

the proposition 3.1 0/ |6]. Indeed, if Ai = A2 = A, then A = 8x and 
d 

8i,2{yi) = Y.(Xg„ A)0(^^O (ind Hi = H2 = H. 
1=1 
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Proposition 4.10. Let (p : Z ^ Y be a covering of smooth projective 
curves. Let (p* : Jac(y) Jac(Z) and Nm : Jac(Z) —>■ Jac(y) be the 
pull-back and norm homomorphisms respectively. We have 

(J)* = Nm,^, Nm,^ = 0* 

where (p* and Nm^ are maps dual to cp* and Nm respectively. 

Proof. It suffices to prove Nm^ = (p* . The other relation follows by 
taking duals. We have the following commutative diagram 

Z Jac(Z) 

Y ^ Jac(F) 
where zq and are such that (P{zq) = yo and 

a^o : Z Jac(Z) 

Z - Zq. 



Z 

z 



By applying the functor Jac we obtain Nm^ 
commutative diagram 

Jac(Z) 



by the following 



Jac(F) 



□ 



Corollary 4.11. The Schur correspondence S\ G End(Jac(Z)) is sym- 
metric under the Rosati involution. 

Proof. We have S\{z) = "^^{Xg, X)z^ which by proposition 13.71 is 



equal to 



g&W 



□ 



Let us also denote by 51,2 : Jac(yi) Jac(Y2) the morphisms be- 
tween the jacobians induced by the correspondence Si^2- Recall that 
P\^ C Jac(Fj) is the image of the endomorphism of Jac(yi) induced by 
the Schur correspondence S\^. 



15 

Proposition 4.12. The morphism Si^2 maps to P\^. We also have 
the relation 

Proof. We denote by q the constant . By proposition 

14.51 we have the relations 



We shall omit the constant q to ease notation. So we get im(S'i,2) = 
im(S'A2 5'Ai) C im(S'A2) = Now 8x28x1 is by definition the composi- 
tion of the homomorphisms 



(4) 8X28X, : Jac(yi) Jac(Z) Jac(Z) Jac(Z) Jac(F2 

Taking duals for the sequence (jl]) and using the relations Nm,^. = q 
8xi = 8xi and (p* = Nm,^. we obtain that 

8x28x1 '■ Jac(l2) Jac(Z) Jac(Z) — ^ Jac(Z) — Jac(Fi) 



which coincides with the definition of the morphism 8x18x2- Thus 

5'l,2 = 'S'2,1. □ 

4.1. Calculation of the Schur correspondence in the ring of 
endomorphisms. 

Proposition 4.13. We have the relations 82,181^2 = [N] G End(PAi) 
and 812821 = [N] G End(PA2) where [N] denotes the multiplication by 
|l^|2(Ai,Ai)(A2,A2) 



the integer N 



\Hi\\H2\{dim{V)f 



Proof. We denote q = iHi\\mw\lxi,X2) 1 = dk^io- Let us omit q as 
in the last proposition. We have 



'5'2,i5'i,2 : Jac(Yi) Jac(Z) Jac(Z) 
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Jac(Z) — $ Jac(F2) — ^ Jac(Z) --^ Jac(Z) — ^ Jac(Z) — Jac(Fi) 

Now the composition of 02Nm02 restricted to the variety Pa2 C Jac(F2) C. 
Jac(Z) coincides with the multiplication by deg(02) = \H2\- On the 
otherhand, according to [3] Corollaire 3.3 (a) and (c), we have 5*^^ = 
g(A2,A2)S'A2 and S'aiS'a25'ai = g^(Ai, A2)^5'ai. Moreover, 8x1 operated 
on Pai as multiplication by g(Ai,Ai) and Nm^^(l)\ operates on Pa^ as 
multiplication by deg(0i) = \Hi\. In this way, multiplying the factors 

we get 5'2,iS'i_2 operates on Pa^ as multiplication by • ^ 
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Remark 4.14. This proposition generalises for two weights the lemma 
3.8 of [6J since for Ai = A2 and 81^2 = j^2S\ = 82,1 and Sx = eS\. 

5. The distinguished form for Schur correspondences 

We start by an observation that the trace correspondence between 
two curves Yi and Y2 induce the zero isogeny when restricted to the 
Prym variety Pa- 

Definition 5.1. Let T denote the trace correspondence on Yi and Y2, 
i.e given as the composition of 

T : Jac(ri) Jac(X) ^ Jac(r2) 
t: Yi ^ Jac(F2) 
yi ^ y2 

?/2G'i/'^^(V'i{yi)) 

We denote 0jr the morphism from Jac(yi) to Jac(y2) induced by T. 
Proposition 5.2. We have T\p— = for i = 1,2. 

Proof We have = (0^Nm^J o'S^^ = (j)*(Nm^^SxJ. Now 
nm^^SxA^) = niJ2i>^9A)zn = ( At/;, A)7r(^) = 

because ^^A(7 is a H^— invariant vector of the Cartan-subalgebra f)* 

and is thus 0. □ 

Remark 5.3. An immediate consequence of the last proposition is that 
for all a G Q, the endomorphisms S'1,2 + C(T and Si^2 induce the same 
isogeny in HomQ(Pxi) -P\2) ■ It is desirable to use integral correspon- 
dences. So we may try to find a a G Q such that 

{^i9, A2) + « G ZV^ G W 

since (5'i,2 + at){yi) = 5'i,2(yi) + at{yi) = 

d d d 

i=l 1=1 i=l 

This happens if and only if (A25' — A25'', Ai) G INg,g' G W. By the 
W —invariance of (,), it suffices that Mg = (A25' — A2, Ai) G Z since 
Mg-Mg. = i\29- \29',\i)- 

This motivates the following definition. 
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Definition 5.4. We say that (,)ai,A2 is the distinguished bilinear form 
for a couple of weights (Ai, A2) if 

(Aa^ - A2, Ai) G Z V geW 

and if (, )' is another bilinear form satisfying the aforesaid property 
then (, )' = k{, ) for some /c G Z \ {0}. 

Remark 5.5. We observe that this condition is independant of the 
order of Ai and A2 because 

{\2g - A2, Ai) = (Xig^^ - Ai, A2). 

Remark 5.6. If we take Ai = A2, we find the condition of Kanev 

Remark 5.7. For this distinguished form 5*1,2 and 5*2,1 are isogenics 
between and . 

5.1. Geometrical construction of the isogeny Ai 2. In [1], Kanev 
constructs a geometrical and integral correspondence, both in the one 
and two weight case, with the key idea of defining the distinguished 
form (AiW, A2W') by the intersection pairing. In the one weight case, 
this correspondence has been generalised to an arbitrary base curve in 
Lange-Pauly [6]. In the introduction of [7], Lange and Kanev remark 
that this correspondence can immediately be generalised, in the two 
weight case also, to an arbitrary base curve. So the question of com- 
parison of the isogenics between Prym varieties induced by the Schur 
correspondence 5*1,2 defined algebraically and the Kanev Correspon- 
dence Ai,2 defined geometrically arises. We shall show in theorem 15. 141 
that they satisfy a relation. This generalises the theorem 3.5 of [H] 
which shows that they satisfy a relation in one weight case. This im- 
plies that these correspondences induce the same isogenics between the 
Prym varieties. So we obtain nothing new. 

For the construction of the Kanev correspondence we refer to [1] 
section 3,4,6, [_6j and [7|. Let us take up Kanev's notation and introduce 
it only so much as to prove the theorem l5.14[ Let L be a lattice endowed 
with a ly— action and a fix a bilinear form (|) on L. Kanev in [4] section 
4 constructs a new lattice iV(L, A) = L © Z associated to any element 
A e L. One extends the W^— action and the bilinear form, denoted (, ), 
from L to N[L, A). Then in section 6, he defines a bigger lattice N such 
that for all weights A of L, there exists a VT—equi variant embedding of 
N{L, A) into N . The lattice can also be endowed with a M^— action 
and a bilinear form B which will imitate the intersection pairing and 
these extend the action and bilinear forms on iV(L, A) (cf. Proposition 

6.3 m). 
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Using the notation of the preceding sections, let us recall the follow- 
ing commutative diagram 




X 

Let U be the open subset X\ { the ramification points of vr, t/^i and 
?/^2}- We fix a point & U and zq & Z such that t^{zq) = ^o- For 
z = 1, 2 we denote by /ij the VT— equivariant bijections between the 
fibers of ipi and the orbit of Xi with (f)i{zQ) as the point chosen in the 
fiber of ipi{C,o)- While in the one weight case, any point may be chosen 
in the fiber oi ip, in the two weight compatible choice of points 

must be made in the fiber of ipi and ip2- So we choose rather a point in 
the fiber of vr. As per ^ section 4.1, we denote by vr, : iV(A, Aj)(Q — > Lq 
the ly— equivariant maps inducing M^— equivariant bijections between 
the "lines" in N{L, Aj) and the orbit of weight Aj in Lq. 

Let us fix a bilinear form (|) on Lq such that the weight lattice P 
be contained in the dual lattice L*. We denote by bi the symmetric 
bilinear form 

bi : P/L X P/L Q/Z. 

We can find a lattice K endowed with a symmetric integral bilinear 
form B2 such that there exist Ki satisfying the following conditions 

(1) K G Ki G K* where K* is the dual lattice of K with respect 
to B2 

(2) there exists an isomorphism 'j : P/L Ki/K 

(3) for all A,/! G P/L, we have 

62(7(A),7(/i)) = -&i(A,7I) 
where 62 denotes the form induced upon Ki/ K hj B2. 
In [5] section 7.6, the construction of the lattice K is explained. We 
shall admit the construction of such a lattice. 

Definition 5.8. We define N G P ® Ki as 

N = {{X, ri)\'~f{XmodL) = rjrnodK} 

Definition 5.9. We define an action of W on P (B Ki as follows 

WxP(BKi P®Ki 
{w,{X,ri)) t-^ iXw,r]) 
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Definition 5.10. We denote by B the symmetric bilinear form 

((Ai,?7i), (A2,?72)) ^ (Ai I A2) + 52(771,772) 

Proposition 5.11 ([4J Proposition 6.3). The following propositions 
hold 

(1) The lattice N is invariant under W— action. 

(2) The bilinear form B takes integral values on N. 

(3) For A G P, there exists a lattice N'{L, X) G N isomorphic to 
N{L,X) as a Z[W]- module. 

(4) There exists m G Z such that the restriction of B to N'{L, A) 
is equal to (, )m- 

By the proposition 15. Ill we embed N{L, Ai) and N{L, A2) in A^. Let 
{/i, ■ ■ ■ Jd} and ■ ■ ■ , Zg} be the orbits of (0, 1) = li in N{L, Ai) et 
(0, 1) = l[ in N{L, A2) respectively. 

Definition 5.12. We define the correspondence Ai^2 between the curves 
Yi and Y2 by 

Ai,2: ^ Div(y2) 

e 

y ^ 5^i?(7rr^(/Xi(y)),/;)/i2'(vr2(/;.)) 
i=i 

The verification that the definition of A1.2 is independant of the path 
and of the point z G Z chosen follows from the W^— invariance of the 
bilinear form B (cf. Lemma 3.2 [6]). 

Remark 5.13. The correspondence Ai^2 is integral by the proposition 
\5.11\ It may not be effective. The correspondence 81^2 is not necessarily 
integral. 

Theorem 5.14. We have the equality 

Ai,2 = 5i,2 + (i?(/i,/i)-(Ai,A2))T 

where T is the trace correspondence between the curves Yi and I2 ■ 

Proof It suffices to verify the relation for y eYi such that 7rf ^(/ii(y)) = 
/i. By the proof of the proposition 15. Ill (3) . we see that h is of the form 
(Ai,?7i) G A^'(L,Ai) and l[ is of the form {\2,V2) e N'{L,X2). Thus 
B{h,l'^) = B{h,l[wj) = B{{Xi,r]i), {X2,V2)wj) = B{{Xi,r],), {X2W„r]2)) = 
{Xi\X2Wj)+B2ir]i,r]2) = (Ai|A2Wj-A2)+(Ai|A2)+52('7i, ^72) = {Xi\X2Wj- 
X2) + B{{Xi,r]i), {X2,r]2)) = {Xi\X2Wj - X2) + B{li,l[). Thus, we obtain 

B{h, l[w,) - (Ai, X2W,) = B{h, l[) - (Ai, A2) 
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for all Wj G W. Let us write this difference as r G Q. We have 

e e 

A,M = $^SK-^(^i(y)),/;)/i2'(vr2(/;.)) = $^i?(/i,/X)^2'(vr2(/X)) 

3=1 i=i 

= ^^=i(Ai, A2ti'j)yU2^"'^(7r2(/']^Wj))+rT = A;i^2(y)+'"7' by the VT— equivariance 
of fi2 and 7r2. □ 

Corollary 5.15. The correspondence Ai 2 induces the same isogeny as 
the correspondence Si^2 '■ P\i P\2 ■ 

Proof. The relation Ai_2 = 5*1,2 + "^T implies this assertion because by 
the proposition 15.21 T acts trivially on Pai • D 

Corollary 5.16. We have A2,i o Ai,2 = [N] G End(PAi) where N is 
the integer 

|iyp(Ai,Ai)(A2,A2) 
\Hi\\H2\dua{VY 



of the proposition \4-13 

Proof Wehave A2,ioAi,2 = (^2,1 +r'T) (^1,2 +rT) = ^2,1^1,2 +^^2,1^+ 
r'TSi^2+rr'T . We conclude by the propositions [5^l4.12l and l4.13[ □ 

6. Comparison result 

Definition 6.1. Let A be an abelian variety. For a line bundle L on 
A, we denote ipi '■ A —>■ A the map a ^-^ T*L (g) . 

Definition 6.2. For a smooth projective curve Y , we denote the prin- 
cipal polarisation 

a : Jac(y) — > Jac(y). 

Proposition 6.3. Let Yi and Y2 be two smooth projective curves. Let 
Pi C Jac(yi),2 = 1,2 be sub-abelian varieties. Let (fi be the restriction 
of the principal polarisation ai on Jac(Fj) to Pj. Let (p : Jac(Yi) 
Jac(y2) be a homomorphism such that restricted to Pi, denoted (p, be 
an isogeny with values in P2. We denote by : Jac(l2) Jac(yi) the 
composition of 

Jac(r2) ^ J1^5K) ^ ^ Jac(ri) 

and by (f) the restriction of (p to P2. Then (j) takes values in Pi. Suppose 

that there exists an integer N such that 00 be multiplication by N in 
Pi, then we have the equalities 

0V2 = [N]ipi, (p (fi = [N]if2- 
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Proof. The map (p takes values in Pi because it is the isogeny dual to 
(J). We have the following commutative diagram 



Jac(Y'] 




ai 



Jac(Yi 




1^2 



Jac(y2 





Cf2 



Jac(r2) 



We have (p = 4>'^2(p- Now = ip.^a2ip2, ip2(p = ^ipi and 
(j)ip2 = ip^4>. So we obtain 0*^92 = ip^(j)a24>ip^. Now one has [A^] = 
= a^'^(j)a2<t>ip-^ from which we conclude that [A^]ai = (j)a24>ip-^- Thus 
(j) (p2 = [N]ip^aiip^ = [N](pi. The other relation is proved similarly. 

□ 

Corollary 6.4. We have Al^^ip^ = [N]lpx and ^l^x'^x = [N](Pf,. 

Proof. This follows by combining proposition 16.31 and corollary 15.161 

□ 

7. Application to the calculation of polarisation 



In this section we calculate the integer = 
for various couples of fundamental weights. 



A r _ |Vt"P(Al,Al)Ai,A2(A2,A2) 

^^Ai,A2 — |f/i||i/2|(dim{V))2 



We have 



)c-K- Wehave\W\ = {n + l)\, 



Example 1. An'. 

\Hi\ = k\{n + 1 - A;)!, \H2\ = V.{n + 1 - dim(V) = n, (Ai, Ai) = 
and (A2, A2) = We deduce thatN = C^zlC'-_\. We 

remark that when k = 1 and I = n, we have N = 1. Thus the prym 
varieties P^i cin-d Pzu„ o,re isomorphic. 



Example 2. Bi. We have (, )^,,^^ = (, )c-k forij < I and (, )^,,^, = 
2(, )c-K- We have \W\ = 2H\. We have \H^^\ = i\{l - i)\2^-' for i < I 



and l-ffroj = II. We have {wi^Wi)^ 
1/2 X 2. Thus we get that 



i for i < I and (cc/, tui) 



2i+i+^Cizl i,j = l 
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Example 3. Ci. We have = i,)c~K- 

We have {wi^Wi) = i for all i. We have \H^.\ 
we get that 



We have \W\ = 2H\. 
= i\{l-i)\f-\ Thus 



Example 4. Di We have 
\W\ = U2^-\ We have \H^. 
{I - 1)! and \H^,\ = l\. 



- {i)c~K for all i,j. We have 
z)!2"-^-i fort < 1-2, \H^^J = 
roji — I.-- yy^ y^i, — i for 1 < I — 2 and 

wi^wi) = l/A. Thus we get that 



We have [Wi, Wi 



ni+j ^i-l^j-l 



i <l - 2,j = I -1 
i<l-2,j = 1 
i = l-^J = 1 



8. Applications to Abelianisation 

In this section we consider a simple Lie Group G of type A,D,E. 

Proposition 8.1 (Lange-Pauly). [6] Let Z denote a smooth projective 
curve admitting a free action by a group W . Let T denote a torus 
in an algebraic group G and A a weight. The canonical evalution map 
evx : H^{Z,T)^ —> Jac(Z) from W —invariant T —bundles on Z to line 
bundles on Z lifts to Jac(Z/Stab(A)) i.e the line bundles in the image 
can be endowed with a canonical Stah{X) — linearisation. 

The lift is denoted by ev^. 

Proposition 8.2. Consider the diagram 



H\Z, zY 




P„ 



Jac(FA 



Jac(Y'^ 



If{X,fi) 7^ then we have the equality 

Proof. Put g = ^j|^-)2 • By proposition l43] and corollary [5 .151 . denoting 
by Sx^^ and Aa,;^ the isogenics that these correspondences induce, we 
have 

dim(V^)2 
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For ease of notation, let us calculate rather with S^S\. We have 
S;:s;iEx,C*) = g(A,/i)(Ex,C*)(5^(As,/.)s) = g(A,^)i?xj^^^^^(,,,,),,C 

s<^W 

We denote 7 = ^^^^(/(As, /i)As. Now, for any weight k, let us calcu- 
late (7, k). We have 

(7, = X^(As,/i)(As, k) 

sew 

which by lemma 14.21 is equal to 

g(A, A)(/i, k). 

Thus extending to a basis of V with other vectors orthogonal to /x, 
we get that 

7 = A)(^,/i)/i. 



Thus S'^S'a(-E'xaC*) = g^(A,;u)(A, A)(/i,/i)i?x^C* which is equivalent 
to the assertion in the proposition. □ 

Proposition 8.3. Aa.gAi.s = Z[v)W ^''^- 

Proof. The map ev^ is surjective onto the Prym variety Pa- So it suf- 
fices to take a T— bundle E G H^{Z,T_)^ and compare A2,3Ai 2evAi(-E') 
with evA3(-E). By proposition 18.21 we get the desired result. □ 

Let P{G) denote the weight lattice of G. We have a canonical bijec- 
tion 

H\Z,T) Hom(P(G),Pic(Z)). 

Now the group W acts on the curve Z and therefore on line bundles 
on Z. It also acts on the weight lattice P{G). The VT— equivariant 
homomorphisms correspond to 14^— invariant T— bundles on Z for the 
twisted action. 

Proposition 8.4. Let M denote the exponent of the group P{G) /'L\W]\. 
We have an inverse isogeny 6x to evx such that 

6evx = [M] 

m H\Z,T)^. 

Proof. Let L G Pa- We define ipL '■ 1^[W]X — > Pic(Z) as the unique 
VT— equivariant map sending A to L. Now identifying H^{Z,T_)^ with 
Homiy(P(G'), Pic(Z)) we get 6 as the composition of iphiM]. □ 
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Corollary 8.5. We have an isogeny between the Prym varieties ev^6\ : 
Pa Pf,- Let Mx (resp. M^) denote the exponent of P{G)/Z[W]\ 
(resp. P{G)/Z[W]n). We have 

eYx5^eY^5x = [M^Mx]. 

Proof. It is immediate from the proposition I8.4[ 

Corollary 8.6. Consider the diagram 



H\Z, T) 




We have the equality 



\W\{\,X){fi,fi)M, 



□ 



dimiV)\Hx\\H^\\Mx\ 

Proof. Calculating 6^{Ax,fj.evx)Sx by proposition 18 . 21 and applying propo- 
sition [8]1] we get the desired result. □ 



9. Open problems 

In view of proposition 13.81 and 13. IH one would like to calculate the 
translation subgroups of the restriction of the principal polarisations 
on Jac(Z) to the Prym varieties Py and Pa- One would also like to 
calculate the Mumford Theta groups of a line bundle representing these 
restricted polarisations and the Weil pairing induced on its associated 
translation subgroups. 

One would like to compute the kernel of ev^ : H^{Z,T)^ — >• P^ of 
the proposition 18.21 for fi arbitrary. The reason is that one could then 
compute the restriction of the principal polarisation on Jac(y^) to 
P^ as follows. Let A denote the lattice associated to an irreducible 
representation defined over Q of a Weyl group W. Then there are 
elements A G A such that cva be an isomorphism. This can be seen as 
follows. One has ker(evA) C ker(efA) where 

cva: H\Z,T)^ Jac(Z) 
E ^ ExxC*. 

and T = Hom(A,C*). By Lange-Pauly proposition 5.2 one has 

ker(et;A) = Romw{A/Z[W]\, Jac{Z)) 

and one has many weights A for which 7j[W]X = A. (A list is given in 
[6] Theorem 8.1). Then one can calculate the kernel of Aa,^ : Pa — P^ 
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by proposition 18.21 Now by the general theory pLj Chapter 23, for the 
inclusion 

{0} C ker(A,,^) C ker(A,,^)^ C ir(A*^^(^,,|pJ) 
one obtains 

ker(AA,^)^/ker(AA,^) = K{^^\p^) 

and by corollary 16.41 one can compute K{^\ ^{ip^\p^)). 

Recall that the proof of the computation of the dimension of Ver- 
linde Spaces in [BNR][8J for SL(n) consisted of two parts - namely, the 
abelianisation part and the computation of the restriction of the prin- 
cipal polarisation on the Jacobian of the spectral curve Xs to the Prym 
variety Prym(Xs/X). So for a general reductive group G, it seems in- 
teresting to compute K{ipu\p^) for all weights /z to extend this proof 
technique. 

One can describe the kernel of ev^ geometrically as follows. Recall 
by Proposition 6.6 [6J, for Et G H^{Z, T)^ the bundle Et^tN admits 
a canonical W^— linearisation. Let denote the one dimensional rep- 
resentation upon which T acts by character /x. We denote by V{X) the 
isotypical component of A in ResInd^(C^). The proof of Proposition 
6.11 in [6] shows that En x ^(A) admits a Stab(/i) linearisation. Now 
the linearisations on ev^(i?) and En x V^(A) do not necessarily preserve 
the natural inclusion ev^(£') ^ En x V{\). The kernel of ev^ consists 
of those T— bundles in ker(ev^) such that the linearisations respect the 
inclusion. 
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